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Matematyka III, Czestochowa 1995/96

Nadrealna ¢isla
Jirt  Cihldr
1. Ideové zdroje teorie nadredlnych Eisel

o Dedekind konstruuje redlnd ¢isla z racionalnich &isel timto zpusobem:
Rozkldd4d raciondlni €isla do dvou mnozin A, B (kazdé ¢islo z A je
mens{ nez libovolné &islo z B) a tento ,fez” — usporfddand dvojice
mnozin {A | B} — je uzit k definici novych &isel. Je to konstrukce
smérem dovnitt, ¢iselnd mnozZina se zahust’uje.

e Cantor (von Neumann) konstruuje ordinalni ¢isla tak, ze kazdé z nich
chape jako mnozinu ¢isel jiz dfive zkonstruovanych, napf.
2 ={0,1},w = {0,1,2,...}, atd. Toto je konstrukce smérem ven,
tiselnd tfida se rozsifuje.

e Nékteré specidlni hry mezi dvéma hraci mohou byt reprezentovany
pomoci logickych stromi:

hra x = {x“{x%

pozice po tnhu L-hride pozice po tahu R-hrade

startovaci pozice

L-hra¢ muze tdhnout v kazdé pozici jenom nalevo, R-hra¢ pouze
napravo. Hraci se pravidelné stfidaji, jestlize hra¢ nemd zadny mozny
dalsi tah, pak prohral.

Conway chape kazdou hru jako uspofddanou dojici mnoZin jiz dfive
zkonstruovanych her (tzv. levé subhry oznadujeme z*, pravé z%).




2 Nadreilns éisla

2. Hry jako matematické objekty

Konstrukce 1 Jsou-li L a R dvé mnoziny her, pak {L | R} je hra. Viechny
hry jsou zkonstruovdny timto zpisobem.

Piiklady 1

e=0={} .\0515{0|} &'525{0,1]}

’\./.E*E{OIO} C/._=.~1‘£{]0} .\\/./E T ={0]|*}

Tato konstrukce spojuje oba vySe zminéné konstrukéni pfistupy (Dede-
kindiv i Cantoriv), tfida her se soutasné ,,zahust’uje” i ,rozsifuje”.

Definice 1 (Opaén4 hra) ~z = {—zf| -z}

Definice 2 (Souéet her) z+y={z*+y,z+y" |zt +y,z+ 9"}
Na tridé her G lze definovat i relace >, <, ||, = tak, Ze maji tyto strategické
interpretace:

x>0 <=  existuje vyhrdvajici strategie pro L-hrace
z <0 <= existuje vyhravajici strategie pro R-hrice
z |0 <= existuje vyhravajici strategie pro hrace,
ktery tahne jako prvni
z=0 <= existuje vyhravajici strategie pro hrace,
ktery tdhne jako druhy
Piiklady 2
—*=x —1={x|0} #0 1t>0
*+x={x|*x} = 1+(-)={-1|1}=0
Lze dokazat, ze struktura [G, =, +, —, 0] je neuspofddand komutativni grupa.

3. Nadrealna ¢&isla

V tfidé her G je mozné vymezit tfidu nadredlnych her &isel No touto
definici:
Definice 8 Hra z = {z* | z®} je (nadrediné) éislo, prdvé kdyz kazdd subhra

zt a zf je éislo a plati:

(Vz)(Vy) z¥ < 2P,

Je pak mozné dokézat, ze pro kazdé &islo z = {z¥ | 2%} plati, Ze

(Vz)(Vy) zf <z <z®.
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Pi#iklady 3

_=_ /2=1{0]1} =1/4={0]1/2}

‘@—3/4—{0 1/2 ] 1} @—-3/4—{ ~2] 1,0}

Na tfidé nadredlnych Cisel No je mozné definovat nédsobeni &isel a inver-
tovani Cisla témito definicemi:

Definice 4 (Souéin &isel)
z-y = {zly + zy" — aty", 2ty + ay? — 2FyR
| 2ty + 2y — 2ty® 2ty + oyt — 2By}

Definice 5 (Inverzni €islo) Pro kladné ¢islo x :

=——1——:{O 1+ (zr —z)y?® 1+ (2B - z)y*
Y= 0 zt ’ zf
1+ (zf —z)yt 1+ (28 —2)yf
zt ’ zk
Je mozn’e pak dokdzat, ze struktura [No,=,<,+,—,-,1/,0,1] je

linedrné uspofddané komutativni téleso, je mozné definovat odmocninu
z kladnych éisel a jiné dalsi funkce. Toto téleso obsahuje vSechna d&isla
redlnd, véechna &isla ordindlni, ¢isla nekoneéné mald, atd.

Priklady 4

2/3 = {0,1/2,5/8,21/32,...1,3/4,11/16,...}
V2 = {1,7/5,1393/985,...3/2,99/70,...}

wE{0,1,2,... |} e | 1,1/2,1/4,..)
w+1—{0,1,2,...,w | } e/2={0 ] ¢}
w—l:{())laza"- ‘ w} 5/4:{0 | 8,6/2}
w—2:{0,1,2,... | wy,w—1} 52:{0 | €,¢/2,e/4,...}
w+1/2=1{0,1,2,...,w | w+1} 2. 6= 1,1/2,1/4,...}
w=-1/2=1{0,1,2,...,w—1 | w} 3-e={2 | 1,1/2,1/4,...}
w/22{071727"- l w,w—l,u}——2,_”} \/E:{O,E,QE,... I

|1,1/2,1/4, ...}
w/4=1{0,1,2,... | w/2,w/2—-1,...}  lle=w

vw=1{0,1,2,... | w,w/2,w/4,...} atd.



4 Nadredlnd &isla

Je velmi zajimavé, jak bohatd je struktura nadredlnych &isel, jak mnoho
,,infinitezimélnich” ¢isel je v okoli 0 (a tedy i v okoli libovolného ¢isla), jak
se oproti b&nym ordindlnim ¢islam obohatila struktura ,,nekonecnych”
Cisel, atd.

4. Ordindlni operace na ¢islech

Na tifds éisel No lze definovat séitani a ndsobeni 1 jinym zpsobem:
Definice 6 (Ordindlni soucet)

coy={zhsoyt oMoyt

Definice 7 (Ordindlni souéin)

x@yz{m@yLEBxL,m@yR@xRlm@yLEBmR,mQyREBa:L}

Je dokazatelné, ze tyto operace maji tytéz vlastnosti jako obvyklé or-
dinalni operace (neutrdlni vlastnosti prvka 0 a 1, asociativnost obou op-
eraci, distributivitu pouze zleva, nekomutativnost obou operaci, atd.).

Pokud parcializujeme tyto operace na t#{du ordinalnich &isel On, kterd
je vymezena v ramci No definici:

Definice 8 Cislo z je ordindlnim &islem, prdvé kdyz © = {zL |} a subhry
zb jsou viechna ordindlni &isla mensi nez x,

ziskdme obvyklou uspofadanou strukturu ordinalnich &isel
[On,=,<,8,0,0, 1].

Ordinalni operace na tfidé No pak dévaji obecnéjsi zajimavé vysledky:

lo(-1)=1/2 le(-2)=14 leo(-3)=1/8 le(-w=c
oel=3/4 1/2@2=7/8 1/203=15/16 1/20w=1-¢
edl=2-¢ eD2=3"¢€ ed3=4-¢ EDw=+/€

wel/2=w-1 wOl/d=w-2 wol8=w—-3 wOe=uw/2
1j201=1/2 1/202=5/8 1/203=21/32 1/20w=2/3
1/401=1/4 1/402=9/32 1/403=73/256 1/40w=2/T
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On One Construction of Rational Numbers
Viclav Vopravil

The system of natural numbers has an obvious defect in that, given
a,b € N, the equation a+z = b may or may not have a solution. Everyone
knows that this state of affairs is remedied by adjoining to the natural
numbers (then called positive integers) the additional numbers zero and
the negative integers to form the set Z of all integers.

The system of integer numbers has an obvious defect in that, given
integers a # 0 and b, the equation az = b may or may not have a solution.
For example 2z = 4 has the solution z = 2 but 2z = 5 has no solution. This
defect is remedied by adjoining to the integers additional numbers (then
called fractions) to form the system @ of rational numbers.

Usual algebraic constructions of the field of rational numbers consist
of using of so called the Theorem of Semigroup’s Imbedding into a Group.
There are some known constructions here:

e The improvement of the structure (N, +) to (Z,+) and then the im-
provement of the operation of the multiplication of integers to a com-
mutative field of rational numbers (Q, +, -).

e The improvement of the structure (N—{0}, -) to the group of ,,positive
rational numbers”, the complementation of the zero element and ,,all
negative elements”.

e The extension of natural numbers to decimal numbers and then the
complementation of decimal numbers by infinite periodic decimal
numbers and the complementation of this set by ,negative decimal
numbers”.

e And so on.

This contribution deals with one generalization of the Theorem of Semi-
group’s Imbedding into a Group. We shall improve both binary operations
in the structure (N, +,-). We shall assume the reader knows all properties
of the structure N.
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The

The structure (N, +,:) is a commutative semiring of natural
numbers completed by the zero element 0 and unit element 1
with a cancellation according to the operation + and with a
cancellation by non-zero elements according to the

operation -

Construction of the Set Q

. First let us define the helping set

M=DN x N X (N"'{O}) = {(m,y,z);

z,y € NAze N~ {0}}.

. Let us define the relation ~ at the set M in this way:

(V(z,y,2), (a,b,c) € M) (2,y,2) ~ (a,b,¢c) <=

&=pzc+bz=az+yc

. The relation ~ defined at the set M is equivalence.

We shall show by degrees that this relation is reflexive, symmetric
and transitive.

Let us select an arbitrary triplet (z,y,2) € M. Then
(z,y,2) ~ (z,y,2) <= 22+ yz = cz + yz.
The assertion evidently holds and the relation ~ is reflexive at the

set M. 0

Let us assume further that for the selected triplets

(z,y,2),(a,b,c) € M holds (z,y,2) ~ (a,b,c). According to the defi-
nition of relation ~ holds zc + bz = az + yc. We shall prove that the
assumption (a,b,c) ~ (z,y,2) is right, i.e. az + yc = zc + bz. The
last equality holds thanks to the symmetry of relation of equality at
the set N. O

The last assertion will be more difficult: We have to prove
(v(z,,2), (a,b,¢), (k,1,m) € M) (,y,2) ~ (a,b,c) A (a,b,¢) ~
(kalam) = ($7y7z) ~ (k7l,m)'
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Let us select arbitrary three triplets (z,y, 2), (a, b, ¢), (k,[,m) € M so
that the precondition of the proving implication was fulfilled. Thanks
to the definition of the relation ~ we assume validity of these two
assumptions

zc+bz = az+yc (1)
am +lc = kc+ bm. (2)

We shall prove (z,y,2) ~ (k,l,m), too. According to the definition
of the relation ~ we have to show that zm + lz = kz + ym.

At first we arrange the equalities (1), (2) so that we multiplicate (1)
by m and (2) by z. We shall get

xem +bzm = azm + yem (3)

amz +lcz = kcz + bmz. (4)
Now we shall add lcz with equality (3) and we shall add yem with
equality (4) and we shall get

zem +bzm +lcz = azm + yem + lez (5)

amz +lcz + yem = kcz + bmz + yem. (6)
Thanks to the transitivity of the relation = at the set N it holds!:

zem + bzm + lcz = kez + bz + yem.

If we shall reduce by bmz, we shall get zcm + lcz = kcz + yem,
thanks to distributive, associative and commutative etc. properties
c(zm + lz) = c(kz + ym) and if we reduce by a non-zero element
c € N, we shall get zm + lz = kz + ym, ie. (z,y,2) ~ (k,I,m)
according to the definition of relation ~ . (W

4. The relation ~ creates a decomposition of the set M, i.e.

M ’N = {[xay’z]}(w,y,z)EMa [x,y, Z] = {(a7 b, C) € M; (aaba C) ~ ('T’ya Z)}
Let us notice that every considering class [z,y, z] is a set and that’s
why .

[z,y,2] = [a,b,c] iff (z,y,2) ~ (a,b,c).

Exercise 1 Decide, how do the elements of some concrete class look, e.g.
- [3,2,1] ={(3,2,1),(2,1,1),(1,0,1),(9,6,3), (3,0,3),...}.

'The reader had found that we did not justify our arrangement in detail now; we had
used gradually distributive and asociative etc. properties of the structure V.
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The reader will make one’s self sure of validity of our conclusions and will
try to make the survey on next classes too. The reader will find that
(z,y,2) ~ (- (z+B), - (y+B),a-2), forall z,y,8€N, z,a € N —{0}.
Let us indicate the decomposition of M |. by Q,i.e. M |.= Q. Let us
betray without overtaking that this set is a support of rational numbers.
The impatient reader can think now, why is the relation ~ acceptably
guessed.

The Structure Q

Let us define two suitable binary operations at the set Q so that the new
structure (Q,®,®) would be a commutative field. At first let us pay at-
tention to the operation @, which we will shortly name the addition?

We’ll show the structure (Q, @) is an Abelian group.

1. The Structure (Q, ®) is commutative.
Let us select arbitrary classes [z,y, 2], [a, b, c] € Q. Now we arrange

[a,b,c] & [z,y, 2] = [az + zc,bz + yc, cz] = [z,y, 2] @ [a, b, ],

— because thanks to the commutative property of operations + and
- at the set N and thanks to the definition @ at Q. m]

2. The structure (Q, ®) is associative.

Here we may use commutative, associative and distributive properties
of the structure (N, +, -). We shall gradually get ([z,y, 2] ® [a, b,c]) &
[k,1,m] = [zc+ az,yc+ bz, zd] @ [k, I, m] = [(xc+ az)m + k(zc), (yc+
bz)m + l(zc), (2¢c)m] = [zem + azm + kzc,yem + bzm + lzc, zem] =
[zem + amz + kez, yem + bmz + lez, zem) = [z,y, 2] ® [am + ke, bm +
le,em] = [z,y,2] @ ([a, b, ] ® [k, 1, m]).

We let the justification in detail for the reader again. a

3. The structure (Q, ®) has the zero element [0,0,1].
In fact,

[z,9,2]®[0,0,1]] =[z-1+0-2,y-1+0-2,2-1] = [z,y, 2],
according to the properties of the elements 1,0 € V. O

Exercise 2 Try to show [z,z,2] = [z,z,2 - 2].

*The reader will make one’s self sure this formula is the definition of the binary
operation, which does not depend on the selection of the representants of classes.
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4. The structure (Q, ®) has the property of inverse elements.

The inverse element of the element [z, y, z] is the class [y, z, 2]. Thanks
to the commutative property of the operation -+ at the set IV it holds
true zz+yz = yz+z, whence (zz+yz)-140-2-z = 0-z-2+(yz+z2)-1,
i.e.

(zz + yz,yz + 2,2 - 2) ~ (0,0,1) and whence [z,y,2] ® [y,,2] =
[0,0, 1]. , O
Let us accept we will mark the inverse element [y, z, 2] of the element
[z,y, 2] as ©[z,y, 2], therefore it holds true ©[z,y, 2] = [y, z, 2]. ]

Conclusion 1 The structure (Q,®) is an Abelian group.

Exercise 3 Show, that {[z,y, 1]}z yen = Q1 is isomorphic with an additive
group of integers Z.

Now we will define next binary operation ® at the set Q, which we will
shortly name the multiplication®.

(V[z,v,2],[a,b,c] € Q) [z,9,2]® [a,b,c] =p [za + yb,ya + zb, zc|.

1. The structure (Q, ®) is commutative.
We get [a,b,c] ® [z,9,2] = [az + by, bz + ay,cz] = [z,y,2] ® [a, b, ]
thanks to the commutativity of the operations + and - at V. 0

2. The structure (Q, ®, ®) is distributive.
We let to the reader the justification of this assertion.

3. The structure (Q,®) is associative.
We let to the reader the justification of this assertion, too.

4. The structure (Q,®) has the unit element and this element is the
class [1,0, 1].
It holds namely
[£,9,2] ®[1,0,1] =[z-1+y-0,y-1+z:0,z-1] = [z,y,2]

5. The structure (Q — {0}, ®) has the property of inverse elements
[:L'a Y, z]—l = [Z:E1 Y, (1;2 - 2xy + yQ)])
ie.
) [0,z —y] for z>y
2y, 27" = { 0,2,y — =] for z <y.

We let again the ratification for the reader. It holds for instance

3The reader will make one’s self sure of that: The binary operation at the set Q is
defined by this formula, too.
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[£,0,2]7! = [2,0, 7]

or
[ana ‘2"]_1 = [Oa 2,'{/]-

Conclusion 2 The structure (Q,®,®) creates the commutative field.

The Extension of N

Let us show further, that the structure Q is the extension of structure the V.
Let us limit only on the set Qo = {[z,0,1]}zen. The structure (Qo1, B, ®)
is isomorphic with the structure (N, +, ). The relation ¢ C N x Qp;, which
is defined in this way:
(Vz € N) o(z) = [z,0,1],

is the wanted isomorphic transformation.

We will show the ¢ is bijective.
Let us select z,y € N, then

o(z) = p(y) < [2,0,1] = [y,0,1] <> (2,0,1) ~ (y,0,1) <=
(z4+0)-1=(y+0)- 1< z=y.

Thus an z € N exists for arbitrary [z, 0, 1] € Qo so that p(z) = [z,0,1]. O
Let us select further z,y € N. Then
‘P(»’U)@@(y) = [iL',O, 1]69{:‘/70’ 1] = [$l+y1,01+01,11] = [ZB+y,O, ]-] =
p(z +y)
and
(p(m)®90(y) = [$,0,1]®[y,0, 1] = [$y+0'0a0'y+$'071' 1] = [a;ya0> 1] -
o(z - y). =

Because the fact that structures N and Qg are isomorphic and there-
fore algebraicly undistinguished we can identify the corresponding elements
z = [z,0,1] and corresponding operations too. This agreement has got its
consequence for all elements of the original structure Q. An arbitrary class
[z,y, z] can be written in this way:
z,y,2] = ([,0,1] ®[0,9,1]) ®[1,0,2] = ([2,0,1] ® (S, 0,1])) ® [2,0,1]7*.
If we use the agreement concerning the identification of elements and ope-

rations, we get

[z,y,2] = (z + (-y)) - 2.

To get an ordinary indication, let’s define a new binary operation subtrac-
tion as an addition of an opposite element and a new binary operation
division as a multiplication with an inverse element. Then we have

r—y

[.'z:,y,z]= )
where z,y € N, z¢€ N - {0}.

Z
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Exercise 4 Prove the structure Q is isomorphic with the structure Q.

Exercise 5 Show, that {[z,y,1]}zyen = Q1 is isomorphic with the integral
domain of integers.

Exercise 6 Show, that {[z,0,2]}, ,)e(v—{oy? i is0morphic with the mul-
tiplicative group Q.

Exercise 7 Arrange the structure Q and show that this arrangment is only
possible and it is the extension of natural numbers.

Exercise 8 Use the ideas of the proof and try to create rational number so

that

T
[‘T?yaz] - y__z )

respectively

¥
[z,y,2] =z pout

Use the helping set M = N x (N x N— =), respectively M = N x N X
(N —{0}).




